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Abstract 

In this paper we study the lengths of certain chains of subalgebras 
of a Lie algebra L: namely, a chief series, a maximal chain of minimal 
length, a chain of maximal length in which each subalgebra is modular 
in L, and a chain of maximal length in which each subalgebra is a quasi- 
ideal of L. In particular we show that, over a field of characteristic zero, 
a Lie algebra L with radical R has a maximal chain of subalgebras 
and a chain of subalgebras all of which are modular in L of the same 
length if and only if L = i? or L/R is a direct sum of isomorphic 
three-dimensional non-split simple Lie algebras. 
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1 Introduction 



It has been shown by a number of authors that lattice-theoretic information 
about the subalgebra lattice of a Lie algebra can be used to infer information 
about the structure of the algebra itself. These studies resemble similar ones 
in the theory of groups, but there are interesting and striking differences. 
The current paper is inspired by the lattice-theoretic characterisations of 
finite solvable groups given by Shareshian and Woodroofe in [H], but again 
most of the results obtained, and the methods used, are different. 

Throughout L will denote a finite-dimensional Lie algebra over a field 
F. We write minmax{L) for the minimal length of a maximal chain of 
subalgebras of L and 1{L) for the length of a chief series for L. In section two 
we consider the relationship between (1.{L) and ^(M) when M is a solvable 
maximal subalgebra of L. The main result is that if L is nonsolvable and 
F has characteristic zero, or else is algebraically closed of characteristic 
greater than 5, then £(M) > i{L). In the case where F has characteristic 
zero the nonsolvable algebras L for which £(M) = 1{L) are characterised; in 
particular, if F is also algebraically closed there are no such algebras. 

The purpose of section three is to investigate the relationship between 
^(L) and minmax{L). We show first that if L is solvable then there is a 
maximal chain of subalgebras which has the same length as a chief series for 
L and such that the dimensions of the factor spaces in the two chains are 
in a one-one correspondence. Moreover, if L is solvable then minmax{L) = 
i{L). We then consider whether, as for groups, the converse is true. This is 
shown to be the case if F has characteristic zero or is algebraically closed 
of characteristic greater than five. However, the situation for Lie algebras 
differs from that for groups in a number of repects: for example, there are Lie 
algebras L with minmax{L) = i{L) + 1, whereas there is no group with this 
property. For all algebras L we have minmax{L) > i{L). We show that if L 
is nonsolvable and F has characteristic zero, or else is algebraically closed of 
characteristic greater than 5, then minmax{L) > £{L) + 1. In the case where 
F has characteristic zero the algebras L for which minmax{L) = i(L) + 1 
are characterised; in particular, if F is also algebraically closed, again there 
are no such algebras. 

A subalgebra {/ of -L is called modular in L if it is a modular element in 
the lattice of subalgebras of L; that is, if 

{U, B)nC = {B,Ur\C) for ah subalgebras B CC, 

and 

{U, B)nC = {BnC,U) for ah subalgebras U Q C, 
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(where, {U,B) denotes the subalgebra of L generated by U and B). A 
subalgebra Q of L is called a quasi-ideal of L if [Q, V] C Q + y for every 
subspace V of L. We write modi{L) for the maximal length of a chain 
of subalgebras each of which is modular in L, and qii{L) for the maximal 
length of a chain of subalgebras each of which is a quasi-ideal of L. 

In section three wc consider the relationship between these two measures 
and i{L). It is shown that, over any field, qii{L) = i{L),i{L) + 1 or ^(L) +2, 
and that if the field has characteristic zero, or if L is restricted and F is 
algebraically closed of characteristic p > 0, then mod£{L) = £{L) or i{L)-\-l. 
Furthermore, the algebras L for which qi{L) ^ i{L) or modi{L) ^ £{L) 
are described. This situation again differs from the situation for groups, 
where modi{G) = i{G) for every finite group G. It is shown that, over a 
field of characteristic zero. Lie algebras L that are solvable or whose Levi 
subalgebra is a direct sum of isomorphic three-dimensional non-split simple 
Lie algebras are characterised by the purely lattice-theoretic condition that 
mod£(L) = minmax{L). Finally it is shown that, if L be a restricted Lie 
algebra over an algebraically closed field F of characteristic p > 0, then 
mod£{L) = £{L) + 1 if and only if L has an ideal B such that L/B = shiF) 
or the Witt algebra W{1 : 1). 

If A and B are subalgebras of L for which L = A + B and A{^ B = Q 
we will write L = A+B; if, furthermore, A,B are ideals of L we write 
L = A®B. 

2 Chief series and solvable maximal subalgebras 

Let Q = Lq < Li < . . . Ln = L he a chief series for L. Then we put i{L) = 
n = the length of the chief series. For an ideal B of L, let ili^{B) denote the 
largest number r such that there is a chain = Bq < . . . < Br = B oi ideals 
of L of length r. Clearly £{L) = i{L/B) + ilL{B); in fact, if C is an ideal of 
L with C C B we have iiiB) = ii/ciB/C) + iL(C'). If [/" is a subalgebra of 
L we define the core (with respect to L) ofU, Ul, to be the largest ideal of 
L contained in U. 

Lemma 2.1 Let M be a maximal subalgebra of L and let B be an ideal of 
L such that B/Ml is a minimal ideal of L/Ml. Then 

£{M) - £{L) = ilM{ML) - HUMl) + ilu/M^m n B)/Ml) - 1. 
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Proof. Clearly L = M + B, so L/B ^ M/{M n B). Now 

£{M) - e{L) = m/ML) + ilM{ML) - £{L/Ml) - UUMl) 

= ilM{ML) - UUMl) + 1{M/Ml) - (1 + £{L/B)) 

= ilM{ML) - UUMl) + [£{M/Ml) - i{M/{M n B))] - 1 

= ilM{ML) - UUMl) + ilM/M,m n B)/Ml) - 1. 

□ 

Corollary 2.2 Let M be a maximal subalgebra of L and let B be an ideal 
of L such that B/Ml is a minimal ideal of L/Ml- Then 

(i) £{M) > £{L) - 1; 

(ii) if M nB ^ Ml, then 1{M) > i{L); and 

(Hi) if (M n B)/Ml is neither trivial nor a minimal ideal of M/Ml, then 
£{M) > £{L) + 1 

Proof. Simply note that ihiML) < iluiML)- □ 

The Frattini ideal of L, (j){L), is the largest ideal of L contained in all 
maximal subalgebras of L. The abelian socle of L, Asoc L, is the sum of 
the minimal abelian ideals of L. If B/C is a chief factor of L we define the 
centraliser in L of B/C to be Cl{B/C) = {x e L : [x, B] C C}. 

Lemma 2.3 Let L be a Lie algebra with nilradical N , and let M be a 
maximal subalgebra of L with N ^ M. Then ilM{<P{L)) = ilL{(t>{L)) and 
£{M) = £{L) - 1. 

Proof. We have N ^ (j){L) since N % M. Let A/0(L) C iV/(/.(L) be a 
minimal ideal of L/(f)[L) with A ^ M. Such an A exists by [9l Theorem 
7.4]. Then L = A + M, Ar\M = ct>{L) and AQN. 

Let B/C be a chief factor of L with B C (j){L). Then N is the intersection 
of the centralizers of the factors in a chief series for L, by [5, Lemma 4.3], 
so yl C iV C Cl{B/C). It follows that B/C is a chief factor of M and 
ilM{4>{L)) = ilL{(t){L)). In view of this, to show that £{M) = £{L) - 1 we 
can assume that (l){L) = 0. But then L = A+M and if B is an ideal of M, 
A + B is an ideal of L. The result follows. □ 

Lemma 2.4 Let L be a Lie algebra, over a field of characteristic zero, with 
radical R, nilradical N , and Levi decomposition L = R+S. Then 

£{L) = thiHL)) + ilL/^iL){N/<P{L)) + diia{R/N) + £{S). 
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Proof. It suffices to show that if (j){L) = then 

e{L) = ihiN) + dim(i?/A^) + i{S). 

This follows from the fact if (j){L) = then L = N+{S C), where N = 
Asoc L and C is an abehan subalgebra of L, by P, Theorems 7.4, 7.5]. □ 

Lemma 2.5 Let S = Si (B ■ ■ ■ (B Sn be a semisimple Lie algebra over a field 
of characteristic zero, where Si is a simple ideal of S for 1 < i < n. Let M 
be a maximal subalgebra of L with Sn % M. 

(i) Lf Sj 2 M for some 1 < i < n - 1 then S„ ^ Sj and i{M) = i{S) - 1. 

(ii) Lf Sj CM for all 1 < j < n — 1 then i(M) > i(S) with equality if and 
only if Sn is three-dimensional non-split simple or M D Sn is simple. 

Proof, (i) We have L = M + Sn = M + Sj and M n Sn = M n Sj = 0, since 
each of these is an ideal of L. It follows that M = L/Sn — L/Sj, whence 
Sn = Sj and £{M) = n-l = £{S) - 1. 

(ii) In this case M = 5i . . . Sn-i e M n Sn, whence £{M) >n = i{S). 
Moreover, £{M) = £{S) if and only if dimM n = 1 or M n Sn is simple. 

□ 

Proposition 2.6 Let L be a non-solvable Lie algebra over field F and let 
M be a solvable maximal subalgebra of L. 

(i) Lf F has characteristic zero, or else is algebraically closed of charac- 
teristic greater than 5, then i{M) > £{L). 

(ii) If F has characteristic zero then i{M) = i{L) if only if L/R = S is 
three-dimensional non-split simple, where R is the radical of L, and 
each chief factor B/C with (j){L) C C C B Q N is an irreducible 
M n S -module. 

Proof, (i) Let L be a minimal counter-example. If Ml 7^ then L/Ml is 
non-solvable and £{M/Mi) > i{L/Mi) by the minimality of L. But now 
£{M) - ilMiMi) > 1{L) - ihiMi), whence e{M) > 1{L) + iluiML) - 
HUMl) > £{L), a contradiction. Thus Ml = 0. 

Let S be a minimal ideal of L. Then B <^ M , so L = M + B. We 
must have that M n i? is trivial or is a minimal ideal of M, since otherwise 
Corollarv 12.21 (iii) is contradicted. Suppose first that it is a minimal ideal of 
M. Then i{M) = £{M/{M n 5)) + 1 = 1{L/B) + 1 = £{L), a contradiction. 
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We therefore have that M D B = 0. But then M is a c-ideal of L, and so L 
is solvable, by [12; Theorems 3.2 and 3.3], a contradiction. 

(ii) We show first that if L /R is not three-dimensional non-split simple then 
i{M) > i{L). Let L be a minimal counter-example. Suppose Ml ^ 0. 
Clearly = R so L/Mi is non-solvable and is not three-dimensional non- 
split simple. We thus have £{M/Ml) > (.{L/Mi) by the minimality of 
L. But then, as above, £(M) > (.{L), a contradiction, so Ml = and L is 
semisimple. If 5 is a simple ideal of L, then L = M+B and L/B = M/MnB 
is solvable, so L is simple. But then £{M) = i{L) = 1 and so M is one- 
dimensional. This yields that L is three-dimensional non-split simple, a 
contradiction. 

It follows that, if i{M) = i{L), then L/R is three-dimensional non-split 
simple and M = R + Fs for some s G S. But now 

£{M) = ilMim) + ilM/ct>(L){N/(l){L)) + dim{R/N) + 1, 

by Lemma 12.41 It follows from Lemma 12.41 that i{L) = £{M) if and only 
if ilM/^{L)i^/4'{L)) = ilL/(j,{L){^/4'iL'))- This occurs precisely when each 
chief factor B/C with </>(L) Q C C B Q N is an irreducible Fs-module. □ 

Note that, in particular, the chief factors referred to in part (ii) of the 
above result must have dimension at most two, as the following example 
illustrates. 

Example 2.1 Let L = A yi S be the semidirect product of an abelian ideal, 
A, and a three-dimensional non-split simple Lie algebra, S, over the real 
field. Let S act irreducibly on A and let dim A > 3. Then £{L) = 2. 
However, for any s € S, A has an ads-invariant subspace of dimension 
at most two (see, for example, Q page23j). It follows that the maximal 
subalgebra M = A >j Fs has £{M) > 3. 

Corollary 2.7 Let L be a nonsolvable Lie algebra over a field F which is 
algebraically closed of characteristic zero, and let M be a maximal solvable 
subalgebra of L. Then i{M) > £{L) 1. 

3 Chains of subalgebras of maximal length 

The following two results are analogues of [6l Theorems 1,2]. 
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Theorem 3.1 Let L be a solvable Lie algebra with chief series L = L^ > 
Lr-i > . . . > Lq = 0. Then there is a maximal chain of subalgebras L = 
Mr > Mr-i > . . . > Mq = of L and a permutation ir £ Sr such that 
dim{Mi/Mi^i) = dim{L^(i)/ L^i^i)__i) fori <i<r. 

Proof. We use induction on dimL. Let A/(j){L) be a minimal ideal of 
L/(j)[L). Then there is a maximal subalgebra M of L with L = A + M and 
Ar\M = (j){L). Let 5/C be a chief factor of L with B C (f){L). Then, as in 
Lemma 12.31 B/C is a chief factor of M. Form a chief series L = Lj. > ■ ■ ■ > 
Lk = A> Lk-i = (piL) > . . . Lo = for L. Since M/(I){L) ^ L/A and the 
chief factors of L inside (j){L) are chief factors of M, the chief factors of M 
are isomorphic to Lj/Lj^i for j € {0, . . . , k — 1} U {k + 1, . . . , r} . It follows 
by induction that M has a maximal chain of subalgebras such that there is 
a bijection from the set of codimensions of successive elements in this chain 
to the set of dimensions of these chief factors. But dim L/M = dim A/ (j){L) , 
which completes the proof. □ 

Theorem 3.2 Let L be a solvable Lie algebra with chief series L = Lg > 
Ls-i > . . . Lq = 0, and let L = Mr > Mr-i > . . . > Mq = be a maximal 
chain of subalgebras of L of minimum length. Then r = s and there is 
a permutation vr € such that dim{Mi/Mi-i) = (iim (L7r(i)/-^7r(j)-i) for 
1 < i < r. 

Proof. We have i{L) = s > r, by Theorem 13. 11 We use induction on dimL. 
Then there is a bijection from the set of codimensions of successive elements 
in the chain Mr-i > . . . > Mq = to the set of dimensions of the chief 
factors of Mr-i- Hence i{Mr-i) = r — 1. Let B be the core of Mj—i, and 
A/B he a chief factor of L. Then L = Mr-i + A and B = Mr-i n A. 

Form a chief series L = Ls>...>Lk = A> L^-i = B > . . . Lq = 
for L. Then L/A = Mr-i/B, so the chief factors of Mr-i containing B are 
isomorphic to Lj/Lj-i for k -\- 1 < j < s. Also any chief factor of L inside 
B is also a chief factor of Mr~i, since otherwise i{Mr-i) > i{L) > r, a 
contradiction. Finally dimL/M,._i = dim A/B, which completes the proof. 
□ 

Put minmax{L) = the minimum length of a maximal chain of subalge- 
bras of L. 

Lemma 3.3 For every Lie algebra L we have minmax{L) > i{L). 
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Proof. Let L be a minimal counter-example, and let 

= Mo < . . . < Mr = L 
be a maximal chain of subalgebras of L. Clearly r > 1. Then 

r > 1 + minmax(Mr^i) > 1 + i{Mr-i) by the minimality of L 

> i{L) by Corollary [22](i). 

□ 

Proposition 3.4 Let L be a Lie algebra, over a field of characteristic zero, 
with radical R and Levi decomposition L = R+S. Then minmax{L) < 
illiR) + minmax{S). 

Proof. We use induction on dimi?. The result is clear if = 0, so suppose 
that i? / 0. Clearly / i? by Levi's Theorem, so let be a 

minimal ideal of L/(j){L) with A C. R. Then there is a maximal subalgebra 
M of L such that L = A + M,SCM and AnM = (f>{L). Let R{M) 
be the radical of M. Then A + R[M) is a solvable ideal of L, and so 
R{M) Q RDM C R{M). By induction we have that 

minmax{M) < HwiiR H M) + minmax{S) 

= ilM{(t>{L)) + ih[/(j,(L){{R n M)/(j){L)) + minmax{S) 
= ilL{(t>{L)) + ilL/(t>{L) (R) - 1 + minmax{S) 
= Hl^R) — 1 + minmax{S), 

using Lemma 12.31 But now 

minmax{L) < minmax{M) + 1 < ilL{R) + minmax{S). 

□ 

Theorem 3.5 Let L be a nonsolvable Lie algebra over a field F which is 
either of characteristic zero or else is algebraically closed of characteristic 
greater than 5. Then minmax{L) > i{L) + 1. 

Proof. Let L be a minimal counter-example, and let = Mq < . . . < Mr = 
L he a maximal chain of subalgebras of L of minimal length r. Clearly 
r > 1. If Mr-i is not solvable we get 

r — 1 > minmax(Mr-i) > 1 + i{Mr-i) by the minimality of L 

> 1{L) by Corollary [22](i), 
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a contradiction. 

If Mr-i is solvable then 



r — 1 > minmax{Mr-i) = ^(M^-i) by Theorem 

> 1{L) by Proposition [M 



a contradiction. □ 

Putting together Theorems 13.21 and 13.51 we have the following corollary. 

Corollary 3.6 Let L he a Lie algebra over a field over field F which is 
either of characteristic zero or else is algebraically closed of characteristic 
greater than 5. Then minmax{L) = i{L) if and only if L is solvable. 

Corollary 3.7 Let L be a nonsolvable Lie algebra over a field F which is 
algebraically closed of characteristic zero. Then minmax{L) > i{L) + 2. 

Proof. We proceed as in the proof of Theorem 13.51 Let L be a minimal 
counter-example, and let = Mq < . . . < M,. = L be a maximal chain of 
subalgebras of L of minimal length r. Clearly r > 1. If Mr-i is not solvable 
we get 

r — 1 > minmax{Mr-i) > 2 + i{Mr-i) by the minimality of L 

> 1 + £{L) by Corollary EJ (i) , 

a contradiction. 

If Mr-i is solvable then 

r — 1 > minmax{Mr-i) = £{Mr-i) by Theorem 13.21 
> £{L) + 1 by Corohary [221 , 

a contradiction. □ 



The above result mirrors more closely what happens in group theory. 
It is noted in [8j that there is no group G with minmax{G) = i{G) + 1. 
However, if L is three-dimensional non-split simple, then 1{L) = 1 and 
minmax{L) = 2. In fact, when F has characteristic zero, we can classify 
the algebras L for which minmax{L) = £{L) + 1. 

Proposition 3.8 Let L be a Lie algebra over a field F of characteristic zero 
with radical R. Then minmax{L) = £{L) + 1 if and only if L/R is a direct 
sum of isomorphic three-dimensional non-split simple Lie algebras. 
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Proof. We establish the 'only if first. By Theorem 13.51 and Corollary 
13.61 it suffices to show that \i L/R is not a direct sum of isomorphic three- 
dimensional non-split simple Lie algebras then minmax{L) > i{L) + 2. Let 
L be a minimal counter-example, and let 

= Mo < Ml < . . . < Mn = L 

be a maximal chain of minimal length. If R ^ then L = R + M„_i 

and L/R ^ M„_i/(i? n M„_i), so M„„i/i?(M„_i) is not a direct sum of 
isomorphic three-dimensional non-split simple Lie algebras (where i?(M„_i) 
is the radical of M„_i). It follows that 

n - 1 > minmax{Mn-i) > ^(M„_i) + 2 > £{1) + 1, (1) 

by the inductive hypothesis and Corollary 12.21 whence n > i{L) + 2, as 
claimed. 

So suppose that R C M„_i. Let L = R+S be the Levi decomposition 
of L, let 5 = 5i © . . . © S'r where 5, is a simple ideal of L for 1 < i < r, and 
suppose that Sr % Mn-i- If M„_i is solvable, then 

n — 1 > minmax{Mn-i) > f-{L) + 1, 

by Proposition 12. 6[ and the result follows. If Mn-i/R{Mn-\) is non-zero 
but not a direct sum of isomorphic three-dimensional non-split simple Lie 
algebras, then (1) holds again. So suppose that M„_i/i?(M„_i) is a direct 
sum of isomorphic three-dimensional non-split simple Lie algebras. Then 
Sj C Mn-i for 1 < i < r, since otherwise 5" is a direct sum of isomorphic 
three-dimensional non-split simple Lie algebras, by Lemma [2.51 We therefore 
have 

n — 1 > minmax{Mn-i) > ^(M„_i) + 1 by Theorem 13.51 

= ilM^_AR)+i{Mn-inS) + l 

>ilL{R) + i{Mn-inS) + i 

>ilL{R) + i{S) + l by Lemma [231 

= £(L) + 1, 

and the result follows. 

Suppose now that L/R is a direct sum of isomorphic three-dimensional 
non-split simple Lie algebras. By Theorem 13.51 we need only show that 
minmax{L) < i{L) + 1. Moreover, by Proposition 13. 4| it suffices to show 
that minmax{L/R) < £{L/R) + I. Let L/i? = 5i © . . . © S'fc, where the 
Si are isomorphic copies of the same three-dimensional non-split simple Lie 
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algebra. Define Aj inductively by Ai = {s + s : s G Sk-i, s = 6{s), where 9 
is an isomorphism from to Sk} (the diagonal subalgebra of S'fc-i (BS^), 
Aj = the diagonal subalgebra of Sk-i ® ^i-i for 2 < i < k — 1. Then 

< Fs < Ak-i < Si® Afc_2 . . . < e . . . e Sk-2 e Ai < L 

is a maximal chain of subalgebras of L, so minmax{L) < A; + 1. But then 
minmax{L) = £{L) + 1, by Theorem 13.51 □ 

Example 3.1 Notice that minmax{L) — i{L) can take any value n € N. 
For, let L = Si (B ■ ■ ■ (B Sn, where the Si are mutually non-isomorphic three- 
dimensional non-split simple Lie algebras for 1 < i < n. Over the rational 
field there are infinitely many such Si. Let M be a maximal subalgebra of 
L. Then Lemma \2.5\ implies that M = Si (B ■ ■ ■ (B Si (B ■ ■ ■ (B Sn ® Fsi, for 
some 1 < i < n, where Sj G Si and Si indicates a term that is missing from 
the direct sum. Similarly it is easy to see that any maximal subalgebra of M 
is isomorphic to Si © ... © © ... © or to 

Si © ... © Si © ... © Sj © ... © S^i © F Si © Fsj. 

Lt follows that 1{L) = n and minmax{L) = 2n. 

4 Chains of modular subalgebras and of quasi- 
ideals of maximal length 

We shall need the following characterisation of modular subalgebras as given 
by Amayo and Schwarz in [3]. 

Theorem 4.1 (J^ page 311])A modular subalgebra M of a finite- dimensional 
Lie algebra L over any field of characteristic zero is either 

(i) an ideal of L; or 

(a) L/Ml is almost abelian, every subalgebra of L/Mi is a quasi-ideal, 
M/Mi is one- dimensional and is spanned by an element which acts 
as the identity map on ([L,L] + Mi)/Ml; and L/([L,L] + Ml) is 
one- dimensional; or 

(Hi) M/Ml is two-dimensional and L/Ml is the three-dimensional split 
simple Lie algebra; or 

(iv) M/Ml is a one- dimensional maximal subalgebra of L/Ml and L/Ml 
is a three-dimensional non-split simple Lie algebra. 
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Theorem 4.2 Let L be a Lie algebra with radical R over a field of charac- 
teristic zero. Then 

(i) i{L) < modi{L) < i{L) + 1; and 

(a) mod£{L) = i{L) + 1 if and only if L/R has a three-dimensional simple 
ideal. 

Proof. The fact that i{L) < modi{L) follows from the fact that ideals of L 
are modular in L. Let 

= Mo < Ml < . . . < Ms = L (2) 

be a chain of modular subalgebras of L of maximal length, and suppose that 
Mi is the first ideal of L that we encounter in going down the chain from 
Ms-i. Then Mj_fc is an ideal of L for each < A; < i, by [10; Lemmas 1.1, 
1.7]. If i = s — 1 then (2) is a chief series for L and i{L) = s = modi(L). So 
suppose that i < s — 1. Then Mi = (Mj+i)^ and one of cases (ii), (iii) and 
(iv) of Theorem 14. II holds. If L/Mi is almost abelian, then i(L) = i + 2 = s, 
and so modi{L) = i{L). If L/Mi is three-dimensional simple, then i{L) = 
i + 1 = s — 1 and so modl{L) = i{L) + 1. This proves both (i) and (ii). □ 

A straightforward corollary is the following result which gives a purely 
lattice-theoretic characterisation of certain algebras. 

Corollary 4.3 Let L be a Lie algebra with radical R over a field of charac- 
teristic zero. Then mod£{L) = minmax{L) if and only if L = R or L/R is 
a direct sum of isomorphic three-dimensional non-split simple Lie algebras. 

Proof. Suppose first that modi{L) = minmax{L) but L is nonsolvable. 
Then 

e.{L) + 1 < minmax{L) = modi{L) < 1{L) + 1, 

by Theorem 13.51 and Theorem 14. 21 (i). It follows that minmax[L) = i{L) + 1 
and so L/i? is a direct sum of isomorphic three-dimensional non-split simple 
Lie algebras, by Proposition 13.81 

The converse follows from Theorems 13.21 14.21 and Proposition 13.81 □ 

We recall the definition of the algebras Lm(r) over a field F of charac- 
teristic zero or p, where p is prime, as given by Amayo in [21 page 46]. Let 
m be a positive integer satisfying 

m = 1, or if p is odd, m = p^ — 2 (r > 1), 
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or if p = 2, m = 2'' - 2 or m = 2*" - 3 (r > 2). 
Let r = {70,71, ■ ■ ■} F subject to 

(m + 1 — z)7j = jm+i-i =0 for alH > 1, and 

Xi^k+i-i7k+i = for all i, k with 1 < i < k. 

Let I/m(r) be the Lie algebra over F with basis ^-1,^0, vi, . . . ,Vm and prod- 
ucts 

[V-l,Vi] = -[Vi,V^i] =Vi^i+JiVm, [v^i,V^i] =0, 

[vi,Vj] = XijVi+j for all i,j with < i, j < m, 

where Vm+i = ... = V2m = 0. 

We shall need the following classifications of quasi-ideals and of Lie al- 
gebras with core-free subalgebras of codimension one as given in |lj and 

Theorem 4.4 (m Theorem 3.6]) Let Q he a core-free quasi-ideal of the Lie 
algebra L over a field F. Then one of the following possibilities occurs. 

(i) Q has codimension one in L; 

(a) L = Li{0) (defined below) and F has characteristic two; or 
(Hi) L is almost abelian and Q is one- dimensional. 

Theorem 4.5 (f^ Theorem 3.1]) Let L have a core-free subalgebra of codi- 
mension one. Then either (i) dim L < 2, or else (ii) L = Lm{^) for some 
m and T satisfying the above conditions. 

We shall also need the following properties of Lm(r) which are given by 
Amayo in [2]. 

Theorem 4.6 (fM Theorem 3.2]) 

(i) If m> 1 and m is odd, then Lm(r) is simple and has only one subal- 
gebra of codimension one. 

(ii) If m > 1 and m is even, then Lm(r) has a unique proper ideal of 
codimension one, which is simple, and precisely one other subalgebra 
of codimension one. 

(Hi) LiiV) has a basis {u-i,uq,ui} with multiplication [u_i,no] = n_i + 
7o'"i (70 G -F,7o = ifV = {0}), [u^i,ui] = no, [no,ni] = m. 
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(iv) If F has characteristic different from two then LiiV) = -Li(O) = 
sh{F). 

(v) If F has characteristic two then Li{r) = -Li(O) if and only i/70 is a 
square in F. 

Theorem 4.7 Let L be a Lie algebra over a field F. Then 
(i) 1{L) < qi£{L) < l{L) + 2; 

(a) qil{L) = i{L) + 2 if and only if F has characteristic two and L has an 
ideal B such that L/B = Li(0); and 

(Hi) qii{L) = i{L) + 1 if and only if L has an ideal B such that L/B = 
Lm(r) where m is odd, and 70 is not a square in F if m = 1. 

Proof. We proceed as in Theorem 14.21 The fact that i{L) < qii{L) foUows 
from the fact that ideals of L are quasi-ideals of L. Let 

= Afo < Ml < . . . < M, = L (3) 

be a chain of quasi-ideals of L of maximal length, and suppose that Mj is 
the first ideal of L that we encounter in going down the chain from M^-i. 
Then Mj_fc is an ideal of L for each < A; < -i, by 110\ Lemmas 1.1, 1.7] and 
the fact that quasi-ideals of L are modular in L. If z = s — 1 then (3) is a 
chief series for L and i{L) = s = qii{L). So suppose that i < s — 1. Then 
Mi = {Mi^i)L and one of the cases of Theorems 14.51 and 14.41 holds. If L/Mi 
is almost abelian, then i{L) = i + 2 = s, and so qii{L) = £{L). If not, then 
L/Mi — Lra{T). There are the following possibilities: 

• if m > 1 and m odd, then i{L) = i + l = s — 1, so qi£{L) = i{L) + 1; 

• if m > 1 and m even, then i{L) = i + 2 = s, so qi£{L) = i{L); 

• if m = 1 and 70 is not a square if F has characteristic 2, then £{L) = 
z + l = s — 1, so qii{L) = i{L) + 1; and finally 

• if m = 1, F has characteristic 2 and -^^i(r) = Li(0), then l!.{L) = 
i + 1 = s - 2, so qil{L) = £{L) + 2. 

This establishes all three cases. □ 

Corollary 4.8 Let L be a restricted Lie algebra over an algebraically closed 
field F of characteristic p > 0. Then 
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(i) mod£{L) < £{L) + 1; and 

(a) modi(L) = i{L) + 1 if and only if L has an ideal B such that L/B = 
shiF) or the Witt algebra W{1 : 1). 

Proof. Since L is restricted over an algebraically closed field F of char- 
acteristic p > 0, every modular subalgebra of L is a quasi-ideal of L; this 
was proved for p > 7 hy Varea in [13j Theorem 2.2] and extended to cover 
p = 2, 3, 5, 7 by Towers in \TI\ Theorem 2.2]. Moreover, case (ii) of Theorem 
14.71 cannot occur, and case (iii) only occurs when L/B = sl2{F) or the Witt 
algebra W{1 : 1) (see the last paragraph of the proof of ^ Lemma 3.4]). □ 
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